Bose-Einstein condensation (BEC) is a quantum phenomenon of formation of the collective quantum state, in which the macroscopic number of particles occupies the lowest energy state and thus is governed by a single wave function. Here we highlight the BEC in a magnetic subsystem -the BEC of magnons, elementary magnetic excitations. Magnon BEC is manifested as the spontaneously emerging state of the precessing spins, in which all spins precess with the same frequency and phase even in the inhomogeneous magnetic field. We consider this phenomenon on example of spin precession in superfluid phases of 3 He. The magnon BEC in these phases has all the properties of spin superfluidity. The states of the phase-coherent precession belong to the class of the coherent quantum states, which manifest themselves by superfluidity, superconductivity, quantum Hall effect, Josephson effect and many other macroscopic quantum phenomena.
INTRODUCTION
Last decade was marked by the fundamental studies of mesoscopic quantum states of dilute ultra cold atomic gases in the regime where the de Broglie wavelength of the atoms is comparable with their spacing, giving rise to the phenomenon of Bose-Einstein condensation (see, e.g. Ref. [1] ). The formation of the Bose-Einstein condensate (BEC) -accumulation of the macroscopic number of particles in the lowest energy state -was predicted by Einstein in 1925. In ideal gas, all atoms are in the lowest energy state in the zero temperature limit. In dilute atomic gases, weak interactions between atoms produces a small fraction of the non-condensed atoms. In the only known bosonic liquid 4 He which remains liquid at zero temperature, the BEC is strongly modified by interactions. The depletion of the condensate due to interactions is very strong: in the limit of zero temperature only about 10% of particles occupy the state with zero momentum. Nevertheless, BEC still remains the key mechanism for the phenomenon of superfluidity in liquid 4 He: due to BEC the whole liquid (100% of 4 He atoms) forms a coherent quantum state at T = 0 and participates in the non-dissipative superfluid flow.
Superfluidity is a very general quantum property of matter at low temperatures, with variety of mechanisms and possible nondissipative superfluid currents. These include supercurrent of electric charge in superconductors and mass supercurrent in superfluid 3 He, where the mechanism of superfluidity is the Cooper pairing; hypercharge supercurrent in the vacuum of Standard Model of elementary particle physics, which comes from the Higgs mechanism; supercurrent of color charge in a dense quark matter in quantum chromo-dynamics;
etc. All these supercurrents have the same origin: the spontaneous breaking of the U (1) symmetry related to the conservation of the corresponding charge or particle number, which leads to the so called off-diagonal long-range order.
Formally, the phenomenon of superfluidity requires the conservation of charge or particle number. However, the consideration can be extended to systems with a weakly violated conservation law, including a system of sufficiently long-lived quasiparticles -discrete quanta of energy that can be treated as real particles in condensed matter. Here we shall consider the spin superfluidity -superfluidity in the magnetic subsystem of a condensed matter, which is represented by BEC of magnons -quanta of excitations of the magnetic subsystem, and is manifested as the spontaneous phase-coherent precession of spins first discovered in 1984 [2, 3] .
BEC of quasiparticles
At high temperatures, spins of atoms are in a disordered paramagnetic state, which is similar to the high temperature phase of a weakly interacting gas. With cooling the magnetic subsystem typically experiences a transition into an ordered state, in which magnetic moments are correlated at long distances. In cases when the magnetic U(1) symmetry is spontaneously broken, some people describe this phenomenon in terms of BEC of magnons [4, 5, 6] . Let us stress from the beginning that there is the principal difference between the magnetic ordering and the BEC of quasiparticles which we are discussing in this review:
i. In some magnetic systems, the symmetry breaking phase transition starts when the system becomes softly unstable towards growth of one of the magnon modes. The condensation of this mode leads finally to the formation of the true equilibrium ordered state. In the same manner, the Bose condensation of phonon modes may serve as a soft mechanism of formation of the equilibrium solid crystals [7] . But this does not mean that the final crystal state is the Bose condensate of phonons. On the contrary, BEC of quasiparticles is in principle a non-equilibrium phenomenon, since quasiparticles (magnons) have a finite life-time. In our case magnons live long enough to form a state very close to thermodynamic equilbrium BEC, but still it is not an equilibrium. In the final equilibrium state at T = 0 all the magnons will die out.
ii. The ordered magnetic states are static equilibrium states which have diagonal longrange order. The magnon BEC is a dynamic state characterized by the off-diagonal longrange order, which is the main signature of spin superfluidity.
Non-conservation vs coherence
To prove that BEC of quasiparticles does really occur in a magnetic system, one should demonstrate the spontaneous emergence of coherence, and to show the consequences of the coherence: spin superfluidity, which in particular includes the observation of interference between two condensates.
We shall demonstrate that the finite life-time of magnons, and non-conservation of spin due to the spin-orbital coupling do not prevent the coherence of the magnon BEC. The gas of magnons can live a relatively long time, particularly at very low temperatures, sufficiently enough for formation of a coherent magnon condensate. The non-conservation leads to a decrease of the number of magnons in the Bose gas until it disappears completely, but during this relaxation the coherence of BEC is preserved with all the signatures of spin superfluidity:
(i) spin supercurrent, which transports the magnetization on a macroscopic distance more than 1 cm long; (ii) spin current Josephson effect which shows interference between two condensates; (iii) phase-slip processes at the critical current; (iv) spin current vortex -a topological defect which is an analog of a quantized vortex in superfluids, of an Abrikosov vortex in superconductors, and cosmic strings in relativistic theories; (v) Goldstone modes related to the broken U(1) symmetry -phonons in the spin-superfluid magnon gas; etc.
The losses of spin and energy in the magnon BEC can be compensated by pumping of additional magnons. In this way one obtains a steady non-equilibrium state, which in our case is very close to the BEC in the thermodynamic equilibrium because the losses are relatively small.
COHERENT LARMOR PRECESSION AS MAGNON BEC
Disordered and coherent states of spin precession
The magnetic subsystem which we discuss is the precessing magnetization. In a full correspondence with atomic systems, the precessing spins can be either in the normal state or in the ordered spin-superfluid state. In the normal state, spins of atoms are precessing with the local frequency determined by the local magnetic field and interactions. In the ordered state the precession of all spins is coherent: they spontaneously develop the common global frequency and the global phase of precession.
In NMR experiments the magnetization is created by an applied static magnetic field: M = χH, where χ is magnetic susceptibility. Then a pulse of the radio-frequency (RF) field H RF ⊥ H deflects the magnetization by an angle β, and after that the induction signal from the free precession is measured. In the state of the disordered precession, spins almost immediately loose the information on the original common phase and frequency induced by the RF field, and due to this decoherence the measured induction signal is very small. During the first stage of about 0.002 s the induction signal completely disappears due to dephasing.
Then, during about 0.02 s, the spin supercurrent redistributes the magnetization and creates the phase coherent precession, which is equivalent to the magnon BEC state. Due to small magnetic relaxation, the number of magnons slowly decreases but the precession remains coherent. right:
The initial part of the magnon BEC signal.
In the ordered state, all spins precess coherently, which means that the whole macroscopic magnetization of the sample of volume V is precessing
This coherent precession is manifested as a huge and long-lived induction signal, Fig. 1 .
Off-diagonal long-range order
The superfluid atomic systems are characterized by the off-diagonal long-range order (ODLRO) [8] . In superfluid 4 He and in the coherent atomic systems the operator of annihilation of atoms with momentum p = 0 has a non-zero vacuum expectation value:
where N 0 is the number of particles in the Bose condensate, which in the limit of weak interactions between the atoms coincides at T = 0 with the total number of atoms N .
Eq. (1) demonstrates that in the coherent precession the ODLRO is manifested by a non-zero vacuum expectation value of the operator of creation of spin:
where γ is the gyromagnetic ratio, which relates magnetic moment and spin. This analogy suggests that in the coherent spin precession the role of the particle number N is played by the projection of the total spin on the direction of magnetic field S z . The corresponding symmetry group U(1) in magnetic systems is the group of the O(2) rotations about the direction of magnetic field. This quantity S z is conserved in the absence of the spin-orbit interactions. The spin-orbit interactions transform the spin angular momentum of the magnetic subsystem to the orbital angular momentum, which causes the losses of spin S z during the precession. In our system of superfluid 3He, the spin-orbit coupling is relatively rather small, and thus S z is quasi-conserved. Because of the losses of spin the precession will finally decay, but during its long life time the precession remains coherent, Fig. 1 . This is similar to the non-conservation of the number of atoms in the laser traps, where the number of atoms decreases with time but this does not destroy the coherence of the atomic BEC.
The ODLRO in (3) can be represented in terms of magnon condensation. To view that let us use the Holstein-Primakoff transformation, which relates the spin operators with the operators of creation and annihilation of magnonŝ
Eq. (6) relates the number of magnons N to the deviation of spin S z from its equilibrium value S (equilibrium) z = S = χHV /γ. In the full thermodynamic equilibrium, magnons are absent. Each magnon has spin − , and thus the total spin projection after pumping of N magnons into the system by the RF pulse is reduced by the number of magnons, S z = S− N .
The ODLRO in magnon BEC is given by Eq. (2), where N 0 = N is the total number of magnons (6) in the BEC:
Comparing (7) and (2), one can see that the role of the chemical potential in atomic systems µ is played by the global frequency of the coherent precession ω, i.e. µ ≡ ω. This demonstrates that this analogy with the phenomenon of BEC in atomic gases takes place only for the dynamic states of a magnetic subsystem-the states of precession. The ordered magnetic systems discussed in Refs. [4, 5, 6] are static, and for them the chemical potential of magnons is always zero.
There are two approaches to study the thermodynamics of atomic systems: one fixes either the particle number N or the chemical potential µ. For the magnon BEC, these two approaches correspond to two different experimental situations: the pulsed and continuous NMR, respectively. In the case of free precession after the pulse, the number of magnons pumped into the system is conserved (if one neglects the losses of spin). This corresponds to the situation with the fixed N , in which the system itself will choose the global frequency of the coherent precession (the magnon chemical potential). The opposite case is the continuous NMR, when a small RF field is continuously applied to compensate the losses. In this case the frequency of precession is fixed by the frequency of the RF field, µ ≡ ω = ω RF , and now the number of magnons will be adjusted to this frequency to match the resonance condition.
Finally let us mention that in the approach in which N is strictly conserved and has quantized integer values, the quantity <â 0 >= 0 in Eg. (2) . In the same way the quantity Ŝ + = 0 in Eq. (3), if spin S z is strictly conserved and takes quantized values. This means that formally there is no precession if the system is in the quantum state with fixed spin quantum number S z . However, this does not lead to any paradox in the thermodynamic limit: in the limit of infinite N and S z , the description in terms of the fixed N (or S z ) is equivalent to the description in terms of with the fixed chemical potential µ (or frequency ω).
Order parameter and Gross-Pitaevskii equation
As in the case of the atomic Bose condensates the main physics of the magnon BEC can be found from the consideration of the Gross-Pitaevskii equation for the complex order parameter. The local order parameter is obtained by extension of Eq. (7) to the inhomogeneous case and is determined as the vacuum expectation value of the magnon field operator:
where n is magnon density. To avoid the confusion, let us mention that this order parameter (8) describes the coherent precession in any system, superfluid or non-superfluid. It has nothing to do with the multi-component order parameter which describes the superfluid phases of 3 He [9] .
The corresponding Gross-Pitaevskii equation has the conventional form ( = 1):
where F {Ψ} is the free energy functional. In the coherent precession, the global frequency is constant in space and time (if dissipation is neglected)
and the Gross-Pitaevskii equation transforms into the Ginzburg-Landau equation with ω = µ: δF δΨ * − µΨ = 0 .
The Ginzburg-Landau free energy functional has the following general form
where m M is the magnon mass; and ω L (r) = γH(r) is the local Larmor frequency, which plays the role of external potential U(r) in atomic condensates. Finally the last term F so is analogous to the 4-th order term in the atomic BEC, which describes the interaction between the atoms of BEC.
Spin-orbit interaction as interaction between magnons
In the magnetic subsystem of superfluid 3 He, the interaction term in the Ginzburg-Landau free energy is provided by the spin-orbit interaction -interaction between the spin and orbital degrees of freedom. Though the structure of superfluid phases of 3 He is rather complicated and is described by the multi-component superfluid order parameter [9] , the only output needed for investigation of the coherent precession is the structure of the spinorbit interaction, which is rather simple. The spin-orbit interaction F so depends on Ψ and contains the second and the fourth order terms. Thus the spin-orbit interaction provides the effective interaction between magnons. It can be attractive and repulsive, depending on the orientation of spin and orbital orbital degrees with respect to each other and with respect to magnetic field. The orbital degrees of freedom in the superfluid phases of 3 He are characterized by the direction of the orbital momentum of the Cooper pairl, which also marks the axis of the spatial anisotropy of these superfluid liquids. By changing the orientation ofl with respect to magnetic field one is able to regulate the interaction term in experiments.
In superfluid 3 He-B, the spin-orbit interaction has a very peculiar properties. After averaging over the fast precession of spins it acquires the following form [10] :
Here s = cos β, while l = cos β L =l ·Ĥ describes the orientation of the unit vectorl with respect to the directionĤ of magnetic field. The parameter Ω L is the so-called Leggett frequency, which characterizes the magnitude of the spin-orbit interaction and thus the shift of the resonance frequency from the Larmor value caused by spin-orbit interaction. In typical experimental situations, Ω 2 L ≪ ω 2 , which means that the frequency shift is relatively small.
Finally Φ is another angle, which characterizes the mutual orientation of spin and orbital degrees of freedom. It is a passive quantity: it takes the value corresponding to the minimum of F so for given s and l, i.e. Φ = Φ(s, l).
To obtain F so (|Ψ| 2 ) in (12) at fixedl, one must express s via |Ψ|:
where S = χH/γ is spin density. Since Eq. (13) is quadratic in s, the spin-orbit interaction contains quadratic and quartic terms in |Ψ|. While the quadratic term modifies the potential U in the Ginzburg-Landau free energy, the quartic terms describes the interaction between magnons.
The profile of the spin-orbit interaction F so (s, l, Φ(s, l)) shown in Fig. 2 :
Using Eq. (14) one obtains the Ginzburg-Landau potential in (12) with:
Eqs. (17) and (18) demonstrate that when the orbital momentum is oriented along the magnetic field, magnons are non-interacting for all densities n below the threshold value n c = (5/4)S/ . This is a really unconventional gas. For µ < U , i.e. for ω < ω L , the minimum of F − µn corresponds to zero number of magnons, n = 0. It is the static state without precession. For µ = U , i.e. for ω = ω L , the energy is the same for all densities in the range 0 ≤ n ≤ n c . For µ > U , i.e. for ω > ω L , the minimum of F − µn corresponds the magnon BEC with density n ≥ n c . This corresponds to the coherent precession of magnetization with tipping angle β > 104 • .
The energy profile of F − µn is shown in Fig. 3 for different values of the chemical potential µ ≡ ω. For µ below the external potential U, i.e. for ω < ω L , the minimum of F − µn corresponds to zero number of magnons, n = 0. It is the static state of 3 He-B without precession. For µ > U, i.e. for ω > ω L , the minimum of F − µn corresponds to the finite value of the magnon density:
This shows that the formation of HPD starts with the discontinuous jump to the finite density n c = 5S/4 , which corresponds to coherent precession with the large tipping angle -the so-called magic Leggett angle, β c ≈ 104
• (cos β c = −1/4). This is distinct from the standard Ginzburg-Landau energy functional (see Eq. (30) for magnon BEC in 3 He-Aphase below), where the Bose condensate density smoothly starts growing from zero and is proportional to µ − U for µ > U.
Two-domain precession
The two states with zero and finite density of magnons, resemble the low-density gas state and the high density liquid state of water, respectively. Gas and liquid can be separated in the gravitational field: the heavier liquid state will be concentrated in the lower part of the vessel. For the magnon BEC, the role of the gravitational field is played by the gradient of magnetic field:
Thus applying the gradient of magnetic field along the axis z, one enforces phase separation, In the pulsed NMR, the two-domain structure spontaneously emerges after the magnetization is deflected by the RF pulse (Fig. 4, left and middle) . The position of the interface between the domains is determined by the number of magnons pumped into the system:
The number of magnons is quasi-conserved, i.e. it is well conserved during the time of the formation of the two-domain state of precession. That is why the volume of the domain occupied by the magnon BEC after its formation is V = N /n c . This determined the position z 0 of the interface, and the chemical potential µ will be agjusted to this position:
In the absence of the RF field, i.e. without continuous pumping of magnons, the magnon BEC decays due to losses of spin. But the precessing domain (HPD) remains in the fully coherent Bose condensate state, while the volume of the Bose condensate gradually decreases due to losses and the domain boundary slowly moves down (Fig. 4 right) . The frequency ω of spontaneous coherence as well as the phase of precession remain homogeneous across the whole Bose condensate domain, but the magnitude of the frequency changes with time, since it is determined by the Larmor frequency at the position of the interface,
The change of frequency during the decay is shown in Fig. 5 left. This frequency change during the relaxation was the main observational fact that led Fomin to construct the theory of the two-domain precession [3] .
The details of formation of the magnon BEC are shown in Fig. 1 , where the stroboscopic record of induction decay signal is shown. During the first stage of about 0.002 s the induction signal completely disappears due to dephasing. Then, during about 0.02 s, the phase coherent precession spontaneously emerges, which is equivalent to the magnon BEC state. Due to a weak magnetic relaxation, the number of magnons slowly decreases but the precession remains coherent during the whole process of relaxation. The time of formation of magnon BEC is essentially shorter than the relaxation time, as clearly shown in Fig. 1 right.
Other states of magnon BEC in 3 He-B
Recent experiments allowed to probe the BEC states that emerge in the valley on the other side of the energy barrier in Fig. 2 . This became possible by immersing the superfluid 3 He in a very porous material called aerogel. By squeezing or stretching the aerogel sample, one creates the global anisotropy which captures the orbital vectorl. This allows to orient the orbital vectorl in the desirable direction with respect to magnetic field [11, 12] . two states:
Stability of coherent precession, spin supercurrent and phonons in magnon BEC
There are several conditions required for the existence and stability of the magnon BEC.
Some of them are the same as for the conventional atomic BEC, but there are also important differences.
i. The compressibility β M of the magnon gas must be positive:
This condition means that the fourth order term in the Ginzburg-Landau free energy should be positive, i.e. the interaction between magnons should be repulsive. The HPD in (18) at n > n c , and the magnon BEC state in (22) satisfy this condition, while the magnon BEC state in (21) is unstable.
ii. The compressibility of the magnon gas determines the speed of sound propagating in the magnon gas:
In atomic superfluids, sound is the Goldstone mode of the spontaneously broken U(1) symmetry. It is the consequence of a non-zero value of the superfluid rigidity -the superfluid density ρ s which enters the non-dissipative supercurrent. The same takes place for magnon BEC, where the supercurrent carried by magnons is given by the traditional expression
As in conventional superfluids, the superfluid density of the magnon liquid is determined by the magnon density n and magnon mass m M . To avoid the confusion let us mention that this superfluid density describes the coherent precession in magnetic subsystem and has nothing to do with the superfluid density of the underlying superfluid 3 He.
Since each magnon carries spin − , the magnon mass supercurrent is accompanied by the magnetization supercurrent -the supercurrent of the z-component of spin:
The nonzero superfluid density ρ s > 0 is the main condition for superfluidity. For the HPD in 3 He-B this condition is fulfilled. The corresponding Goldstone phonon mode of the magnon BEC has been experimentally observed: it is manifested as twist oscillations of the precessing domain in 3 He-B [13] .
As distinct from the conventional BEC, in magnon BEC one may introduce experimentally the symmetry breaking field which smoothly violates the U(1) symmetry and induces a small gap (mass) in the phonon spectrum. This mass has been also measured, for details see Ref. [14] .
iii. The next condition is applicable only to the BEC of magnon quasiparticles, and is irrelevant for atomic condensates. For quasiparticles the U(1) symmetry is not strictly conserved. For magnetic subsystem, this is the SO(2) symmetry with respect to spin rotations in the plane perpendicular to magnetic field, and it is violated by spin-orbit interactions.
The magnon BEC is a time dependent process, and it may experience instabilities which do not occur in equilibrium condensates of stable particles. In 1989 it was found that the original magnon condensate -the HPD state -looses its stability below about 0.4 T c [15] and experiences catastrophic relaxation. This phenomenon was left unexplained for a long time and only recently the reason was established: in the low-temperature regime, where dissipation becomes sufficiently small, the Suhl instability destroys the homogeneous precession [16] . This is the parametric instability, which leads to decay of HPD due to the parametric amplification of spin wave modes. It occurs because the spin-orbit interactions violate the U(1) symmetry.
MAGNON BEC IN 3 HE-A
As in the case of 3 He-B, all the information on the 3 He-A order parameter needed to study the coherent precession is encoded in the spin-orbit interaction. For 3 He-A, the spin-orbit interaction has the form [17] :
In a static bulk 3 He-A, when Ψ = 0, the spin-orbit energy F so in Eq. (27) is minimized when the orbital vectorl is perpendicular to magnetic field, i.e. for l = 0. Then one has
with a negative quartic term. The attractive interaction between magnons destabilizes the BEC, which means that homogeneous precession of magnetization in 3 He-A becomes unstable, as was predicted by Fomin [18] and observed experimentally in Kapitza Institute [19] .
However, as follows from (27) , at sufficiently large magnon density n = |Ψ| Magnon BEC in 3 He-A is similar to BEC in atomic gases.
the factor in front of l 2 becomes negative. Therefore it becomes energetically favorable to orient the orbital momentuml along the magnetic field, l = 1. For this orientation one obtains the Ginzburg-Landau free energy with
It is similar to the Ginzburg-Landau free energy for atomic BEC. The quadratic term modifies the potential U; the quartic term is now positive.
In the language of BEC, this means that, with increasing the density of Bose condensate, the originally attractive interaction between magnons should spontaneously become repulsive when the critical magnon density n c = S(8 − √ 8)/7 is reached. If this happens, the magnon BEC becomes stable and in this way the state with spontaneous coherent precession could be formed [17] . However, such a self-sustaining BEC with originally attractive magnon interaction has not yet been achieved experimentally in bulk 3 He-A, most probably because of large dissipation, due to which the threshold value n c of the condensate density has not been reached.
However, fixed orientation ofl with l = 1 has been prepared in 3 He-A confined in a squeezed aerogel sample:l was oriented along the axis of uniaxially compressed aerogel. For this geometry with l = 1, the magnon BEC is stable, and the first indication of coherent precession in 3 He-A has been reported recently [20, 21] . Contrary to the unconventional magnon BEC in the form of HPD in The Bose condensation of magnons in superfluid 3 He-B has many practical applications.
In Helsinki, owing to the extreme sensitivity of the Bose condensate to textural inhomogeneity, the phenomenon of magnon BEC has been applied to studies of supercurrents and topological defects in 3 He-B. The measurement technique was called HPD spectroscopy [25, 26] . In particular, HPD spectroscopy provided a direct experimental evidence for broken axial symmetry in the core of a particular quantized vortex in 3 He-B. Vortices with broken symmetry in the core are condensed matter analogs of the Witten cosmic strings, where the additional U(1) symmetry is broken inside the string core (the so-called superconducting cosmic strings [27] ). The Goldstone mode of the vortex core resulting from the spontaneous violation of rotational U(1) symmetry in the core has been observed [28] . The so-called spin-mass vortex, which is a combined defect serving as the termination line of the topological soliton wall, has also been observed and studied using HPD spectroscopy [29] .
In Moscow [30] , Grenoble [31, 32] and Tokyo [20, 33, 34] , HPD spectroscopy proved to be extremely useful for the investigation of the superfluid order parameter in a novel system -superfluid 3 He confined in aerogel.
There are many new physical phenomena related to the Bose condensation of magnons, which have been observed after the discovery of HPD (see reviews [35, 36] ). These include in particular compact objects with finite number of the Bose condensed magnons. At small number N of the pumped magnons, the system is similar to the Bose condensate of the ultracold atoms in harmonic traps, while at larger N the analog of the Q-ball in particle physics develops [37] .
Magnon BEC is also possible in other magnetic systems, such as yttrium-iron garnet films [38, 39] . A very long lived induction signal was observed in normal Fermi liquids: in spin-polarized 3 He-4 He solutions [40] and in normal liquid 3 He [41] . It was explained as a coherently precessing structure at the interface between the equilibrium domain and the domain with the reversed magnetization [42] . It would be interesting to treat this type of dynamic magnetic ordering as a new mode of magnon BEC.
